The spin paramagnetism of an electron gas in a lattice of positive charges is studied along the line of Bellemans and De Leener. The results are compared with Pines' and also with experimental data on Li and Na. § 1. Introduction
have studied the ground state energy of an electron gas moving in a lattice of positive charges.
This picture is ex~ pected to correspond roughly to actual metals or metallic solutions. The purpose of this paper is to extend their treatment to a study of spin paramagnetism.
The magnetic susceptibility of the system is determined by the change in energy as the electron spins are polarized. Let us denote the number of electrons with spin up and down by N+ and N_, and introduce a parameter p: (1) where N is the total number of electrons. The Fermi momentum in the polarized system is (2) with kF the Fermi momentum in the unpolarized system given by (3n 2 n)1/3 where n is the number density of electrons.*) The change in energy per electron to the lowest order in p is (3) With the Bellemans and De Leener approximation, the energy of the system consists of two parts; one corresponding to an electron gas in a uniform positive charge background, and the other arising from an interaction between electrons and a lattice of positive charges. Therefore a is expressed as (4) 2 ) and is exact at a high density limit. The quantity a L arises from the interaction between electrons and lattice potentials, and was missing in previous treatments of electron gas where positive charges are smeared out.
In § 2 we derive an expression for a L based on the second order perturbation calculation, and the results are applied to alkali metals in § 3. Section 4 is devoted to some discussions of the results. § 2. Calculation of Oh Let us denote a lattice potential acting on an electron by U (x) . Since U (x) has the same periodicity as that of lattice, it is expanded as follows: (8) where K is a reciprocal lattice vector. In the second-quantized form, the hamiltonian H e -L describing the interaction between electrons and lattice potentials is written as (9) where aft and aJ>, are creation and annihilation operators for electrons.
The first order term for energy is U (0) N, so that it does not contribute to aL. The second order term is
where (] stands for + or -, and n" (k) = 1 for k<J;.~", and ncr (k) = 0 for k>k". By a straightforward calculation, the energy per electron in the polarized state is shown to be where 1-u 
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u±=K/2k±.
In the case of metallic hydrogen, we have
with (15) and one may easily see that when p=O Eq. (11) reduces to the result of Bellemans and De Leener.I) When p-=l=O from Eqs. (2) and (13), it follows that
Substituting Eq. (16) in Eq. (11), retaining terms up to the order of p2 and combining the result with Eq. (3), we get In view of the approximations involved in our theory where the deviation from the free electron model is assumed to be small, our results would be expected to apply to alkali metals. In an actual application, however, one has to take the effect of core electrons into account, and this will be done as follows.
Let a potential between an electron and a lattice point be It (x) . Then the lattice potential U (x) is written as
IX where the summation IS extended over all the lattice points. If we define a
Fourier transform:
it 15 easily proved that R. Abe
where lli is the number density of positive charges. It has recently3) been pointed out that even though there is a very strong negative potential energy well for an electron near atomic nucleus, it is approximately cancelled out by high kinetic energy associated with the rapid oscillations of the wave function within the region of the ion core. Then one is left with a weak pseudopotential which may be treated by perturbation method. One of the simplest ways of defining the pseudopotential is to use a modified Coulomb potential as Bellemans 
Then by the use of Eq. (22), we have
In Eqs. (23) and (24), To is a cutoff parameter which IS related to the specific nature of the metal under consideration. Here we assume rather arbitrarily To=1.0, 1.5 and 2.0, and carry out the calculation of ct L by using Eqs. (17) and (24). The results for bcc Li and Na are shown in Table 1 .
In Table I x is measured in units of 10-6 cgs volume unit. (We shall use the same unit in the following.) On the other hand, the experimental results are 2.08 ± 0.1 for Li 4 ) and 1.09 ± 0.08 for Na. 5 ) One may see that the result for Na is rather in good agreement with experiment, but for Li this is not the case. This suggests that the modified Coulomb potential given by Eq. (23) is not suitable for Li. In order to clarify this point we proceed as follows. An extensive study of band structure and Fermi surface for alkali metals has been done quite recently by various authors. G ), 7) If one assumes that the nearly-free electron approximation is valid in this case, the U (K) is determined by the energy gap at the boundary of Brillouin zone. The value of U (K) thus determined is shown 8 ) in Table II The crystal structure of all the metals is bee, and U (K) is measured in terms of Rydberg. and XB-P is the value derived from the same theory. Table III . X for alkali metals. X B _ P is due to the Bohm-Pines theory, Xex:p is the experimental value. As is seen from Table III , for Li and Na the value of X of our theory is fairly close to XB~P and to experimental one. However, a large discrepancy with XB-P is observed for Cs. This may be due to the fact that Cs has the largest r s , so that our theory, which is valid only at a high density limit, cannot be applied to this case. At present, however, there are no available experimental data for Cs, and therefore a decisive conclusion cannot be drawn. § 4. Discussions A systematic approach to the many-body problem of electron gas based on the partial summation of perturbation series yields the results which are valid only at a high density limit. There is little hope of expecting that these high density results are applicable to actual metals. However, if one takes account R. Abe explicitly of the lattice of posItIve charges, one may hope the range of validity of approximation becomes much more improved, because electrons have a tendency of localizing around positive charges and the electron density becomes effectively large as compared to the case where the positive charges are smeared out. This situation may be seen mathematically as follows.
Let e ("'8) be the energy per electron at the ground state. If one puts g(}.) = }.2e (}.), g (}.) should satisfy a relation gil (}.) <0, as Ferrell 10 ) has proved. His proof is easily extended to the case of metallic hydrogen, and one may obtain the same inequality. Now the above-mentioned relation yields whence it follows },<5.37. Therefore, one may expect that the results for the electron gas are improved if one takes the lattice of positive charges into consideration without smearing them. In this paper we did not consider the effect of electron-phonon interaction. As for this problem, Quinn ll ) has pointed out that at the lowest order approximation it gives no contribution to spin paramagnetism, irrespectively of the exact form of matrix element giving rise to the scattering of electron by phonon, and whether the Umklapp processes are included or not. However, this iIlteraction gives a dominant contribution to specific heat, and we shall discuss this problem in another occasion.
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